Operator method and cumulant expansion are used for nonperturbative calculation of the partition function and the free energy in quantum statistics. It is shown for Boltzmann diatomic molecular gas with some model intermolecular potentials that the zeroth-order approximation of the proposed method interpolates the thermodynamic values with rather good accuracy in the entire range of both the Hamiltonian parameters and temperature. The systematic procedure for calculation of the corrections to the zeroth-order approximation is also considered.
Introduction
At present, most physical problems of interest can be solved neither exactly nor in terms of the canonical perturbation theory (CPT), therefore a considerable attention is given to the development of methods of nonperturbative analysis of quantum systems (see, e.g., review [1] and references therein). One such method, called the operator method (OM) of approximate solution of the Schrödinger equation, proved to be very effective. The OM was presented in [2] and approved for a number of physical problems including those with many degrees of freedom [3] [4] [5] [6] [7] [8] . The main advantages of the OM are defined by the fact that its zeroth-order approximation allows one to calculate the Hamiltonian eigenvalues and eigenvectors with rather high accuracy in the entire range of both the Hamiltonian parameters and quantum numbers of the states. Besides, the further approximations of the OM lead to the sequences converging to the exact solutions. However, most of the particular applications of the OM have been considered before for the systems in 'pure' quantum states.
The nonperturbative methods are of great interest also in quantum statistics, when calculating thermodynamic characteristics of quantum systems. These characteristics can be expressed through either the partition function or the free energy of a system. Most of the known nonperturbative methods in quantum statistics are based on Feynman path integrals (e.g., [9] and references therein). However, an alternative representation of the partition function based on the direct summation over the energy states is also important because it could be more convenient and descriptive for some applications, especially in atomic and molecular physics when the system is characterized by a large but finite number of degrees of freedom. For example, the additional procedure of bosonization is necessary when the functional integrals are used for the spin systems, and that leads to complication of the real Hamiltonian (see, e.g., [10] ).
The purpose of this paper is to generalize the OM for the nonperturbative calculation of the thermodynamic values in quantum statistics with the Schrödinger representation for quantum systems. A specific feature of this problem in comparison with application of the OM for 'pure' quantum states is that the partition function is defined by an energy spectrum as a whole and includes the summation over all states. As a result, the accuracy of calculation of the thermodynamic values for some temperature interval can be rather low even in the case when the Hamiltonian eigenvalues are found with high precision (see example in section 2). Therefore we should analyse whether the OM accuracy for the spectral problem [3] ensures the calculation of the thermodynamic values in the entire temperature range. Besides, some additional procedure should be developed for approximate summation over the states. It is shown in the paper that the regular nonperturbative method for calculation of the thermodynamic values can be developed on the basis of the OM combined with the cumulant expansion (CE) [11] . In order to approve our approach and compare it with other approximate methods, the Boltzmann diatomic molecular gas is considered and the partition function and the free energy corresponding to the molecular internal degrees of freedom are calculated. It is shown for some particular examples that the zerothorder approximation of the proposed method leads to the uniformly suitable estimation for the thermodynamic values in the entire range of both temperature and Hamiltonian parameters. The systematic procedure for calculation of the consequent approximations is also considered.
The paper is organized as follows. In section 2 we discuss some general definitions of uniformly suitable estimation that concerns any nonperturbative approach.
The procedure for nonperturbative calculation of the Hamiltonian eigenvalues on the basis of the operator method is described in section 3 as the first part of the proposed approach. The approximate summation over the states by means of the cumulant expansion is considered in section 4 as the second part of our method. In order to approve this expansion, the analytical formula for interpolation of the rotational partition function of the diatomic molecular gas is obtained in the same section on the basis of the method proposed. In section 5 we use our approach for calculation of the partition function and the free energy for an equilibrium system of the anharmonic oscillators and compare the calculated values with the results of other methods. The obtained results are of interest not only as the approval of the considered method, but also for the description of thermodynamic characteristics of real molecular systems when anharmonic effects should be taken into account.
Formulation of the problem
It is well known that if the Hamiltonian of some quantum system includes a small parameter, the regular procedure of calculation of the observable characteristics of this system can always be constructed in the form of a power series in this parameter. For example, it can be the canonical form of the perturbation theory with expansion in a power of small coupling constant (g 1); an expression as powers in g −1 for the strong coupling limit; a series in terms of powers ofh in the quasi-classical approximation; low-or high-temperature expansions for thermodynamic values. However, in most cases these expansions are the asymptotic ones, and hence cannot be used directly in a wide range of the Hamiltonian parameters. In contrast, the main goal of the nonperturbative methods is to calculate physical characteristics of a system in the entire range of its parameters. Further in the paper, when we refer to the nonperturbative calculation of some physical values, we assume that either there is no small parameter in the system, or its value lies out of the domain of applicability of the asymptotic expansions [1] [2] [3] .
It is convenient to define the concept of the 'uniformly suitable estimation' (USE) in this case. Let us consider some physical variable with eigenvalues F n (λ) depending on the quantum number n and the physical parameter λ (the totality of the parameters and quantum numbers is implied for systems with many degrees of freedom). Let us introduce 
Here the parameter ξ (0) < 1 is assumed to be independent of n and λ, and defines the accuracy of the USE. We also consider [3] [4] [5] [6] [7] [8] .
A considerable advantage of the USE for various applications in comparison to the asymptotic expansions is the possibility to investigate the qualitative peculiarities of the quantum system in the intermediate range of the parameters connected with the Hamiltonian and the external conditions. At the same time, rather high precision of the USE in the zeroth order is of great use for practical calculations and it defines the rate of convergence of the consecutive approximations to the exact solution.
Let us consider from this point of view the thermodynamic perturbation theory in the Schrödinger representation of the quantum statistics. Usually, it is formulated for the free energy of the system [13] and the leading terms are as follows:
Here we have introduced β = 1/kT where T is the temperature and k is the Boltzmann constant; F and F 0 are the exact and approximate free energies respectively; E (0) n are the eigenvalues of the unperturbed Hamiltonian and V mn are the matrix elements of the perturbation operator with the following form of the total Hamiltonian, H =Ĥ 0 + µV ,
is the unperturbed density matrix. Any partial sum of this series does not yield the free energy in the whole range of the temperature and the perturbation parameter µ even in the simplest cases. Let us illustrate this by means of the model Hamiltonian used earlier in [15] for the convergence analysis of a usual perturbation series for 'pure' states,
where δ m,n is the Kronecker symbol. Certainly, the exact free energy is well known for this model
) but if we use these matrix elements in formula (3), then a rather simple calculation leads to the following result:
It is evident that this series does not satisfy the USE criteria with respect to both the essential parameters of the system. In the low temperature limit (β → ∞), formula (5) leads to the power series of µ for the ground-state energy and this series diverges in the range of µ > 1/2 because of a singular point of the exact eigenvalue E n = √ 1 + 2µ n + 1 2 in the complex plane of µ [15] . On the other hand, definition 1 breaks also for the free energy dependence on the parameter β. When the temperature increases (β → 0), the second-order correction has a stronger singularity (∼ −µ 2 /4β 2 ) than the exact free energy. Thus, our objective is to formulate another regular method, different from (3), which allows us to find the USE for the free energy of a quantum system with an arbitrary energy spectrum E n .
The operator method for the uniformly suitable estimation of the eigenvalues
As mentioned above, in order to obtain the USE for the partition function one has to solve two problems: (1) to find such an approximate representation for the energy levels of a system under consideration which holds in the whole range of the Hamiltonian parameters, and (2) to perform approximate summation on quantum numbers so that the result remains uniformly suitable with any temperature. For the former purpose, we shall use the operator method (OM) of approximate solution of the Schrödinger equation. This method is described in detail in review paper [3] . Let us consider here only the basic expressions defining the consecutive approximations of the OM for the eigenvalues E n and eigenvectors |ψ n of a HamiltonianĤ of some quantum system (the index n may involve the whole set of quantum state numbers),
Let us introduce the complete set of state vectors |n, ω , depending on the same quantum numbers and arbitrary parameters ω. In the canonical perturbation theory (CPT) the eigenfunctions of some partĤ 0 of the full Hamiltonian (zeroth-order approximation Hamiltonian) are used as such a complete set. The Schrödinger equation for that part is assumed to be exactly solvable. In terms of the OM, the vectors |n, ω are considered as a set of variational wavefunctions. Thus, the choice of these vectors is rather arbitrary and is defined by qualitative features of the system under consideration and by the possibility of rather simple calculation of the matrix elements of the total HamiltonianĤ . Then we can represent the solution of equation (6) in the form of expansion
and choose the normalization of the exact solution as follows:
As a result, the initial eigenvalues problem (6) exactly reduces to the system of infinite number of nonlinear algebraic equations for E n and coefficients C nk [3] :
As shown in [3] , the most effective method for solving this system of equations is an iterative scheme, in which the exact solutions are calculated as the limit of the sequences (and not by summation of series, as in the CPT)
and the consecutive approximations in (10) are calculated by means of recurrence relations
As shown for various physical systems [3] [4] [5] [6] [7] [8] , recurrence relations (11) rapidly converge to the exact solutions, and the choice of the parameter ω influences only the rate of this convergence. In this paper, we restrict ourselves to expressions for the energy after the second iteration (the first one coincides with the zeroth-order approximation by definition), as we are interested mainly not in strict numerical calculations, but in constructing the USE for the eigenvalues, the partition function and the free energy. The second iteration leads to the following approximation:
Strictly speaking, this expression is suitable if the diagonal matrix elements
for the considered value of the parameter ω and for all states from the set |k, ω in expansion (7) . If for some concrete values m and ω m
one should extract the state |m, ω m from expansion (7) and solve the secular equation in the OM zeroth-order approximation analogously to the canonical perturbation theory in the case of degenerate states [16] . Some applications of the OM for physical systems with such features were considered in [4, 5] .
For systems with several degrees of freedom the state vector |ψ n , j in equation (6) may also depend on some additional index j . The energy level E n is supposed to be independent of this index. Actually, it means that the wavefunction is also the eigenvector of some operator
which commutes with the Hamiltonian. As shown in [3] , in such a case the projection operator T j for the state with fixed quantum number j should be used in series (7) in order to solve both equations (6) and (13) simultaneously. It leads to unessential modification of recurrence equations (11) but does not change the properties of the OM consecutive approximations. In this paper, the generalization of the OM for quantum statistics is of main interest and thus we shall not consider the above-mentioned more complicated systems.
In spite of the formal similarity of formula (12) and the expression obtained in the second order of the CPT (see formula (3)), the former maintains some essential differences. First, the matrix elements of the operatorĤ are calculated with the set of state vectors |n, ω for the whole Hamiltonian (and not for its unperturbed part as in the CPT). According to [3] , this circumstance is essential for the convergence of the consequent approximations of the OM. In particular, this convergence depends on the numerical dimensionless parameter, defined by the ratio of the diagonal and nondiagonal matrix elements of the total Hamiltonian
This value is independent of the physical parameters of the Hamiltonian and defines both the convergence of the consequent approximations of the OM and the accuracy of the USE for the zeroth-order approximation of the OM [3] in accordance with definition 1.
Another specific feature of approximation (12) is that it depends on some undefined parameter ω, which should be chosen so as to provide the best accuracy of the USE in the zeroth-order approximation of the OM. It was shown in [3] that the best zeroth-order approximation of the OM for the energy level with the quantum number n,
is achieved when ω = ω n is chosen as the solution of the equation
It should be noted that equation (16) is not the variational principle for the excited states. The point is that the artificial parameter ω defines actually the representation for the wavefunctions, and hence, the exact eigenvalues of the Hermitian Hamiltonian should not depend on its choice. The exact condition is
Therefore, equation (16) can be considered as the OM zeroth-order approximation for the exact condition (17) .
It is essential that the optimal value of the parameter ω n depends on the quantum number of the considered state. This means that the orthonormal set of basic vectors used in expansion (7) should be chosen for every state in different ways. As a result, the consecutive approximations of the OM (11) have 'local' character in the space of quantum numbers, i.e., they are calculated independently with different sets of state vectors for every state of the system. In contrast, in terms of the CPT the corrections for all quantum numbers are defined by the same spectrum and basic state vectors of the unperturbed Hamiltonian.
In this paper, we use model physical systems in order to illustrate the applicability of the OM in statistical physics. In particular, let us consider the quantum anharmonic oscillator (QAO) with the Hamiltonian
It is well known that the CPT expansion for this system has zero radius of convergence with respect to the parameter λ [12] . Therefore, the QAO is widely used for approbation of various nonperturbative methods, and all approximations can be compared with the detailed numerical analysis of this problem in [12] . In the problem of the QAO the most adequate choice of the full set of state vectors for the OM algorithm is the set of eigenfunctions of the harmonic oscillator with an arbitrary frequency, playing the role of the parameter ω. At the same time, it is convenient to perform all the necessary calculations of the matrix elements in an algebraic form, using the representation of the secondary quantization [2] . In such a case, the variational parameter ω can be introduced directly into the Hamiltonian by means of creationâ + and annihilationâ operators,
Some fairly simple algebraic operations with expressions (9)- (16) lead to the following results [3] : 
It can be shown by strict comparison with numerical results [12] that simple analytical expressions (20) satisfy both definitions of the USE with ξ (0) 0.03. Figures 1 and 2 illustrate this statement. They show the results of calculation of the QAO energy levels in dependence on the parameter λ and quantum number n, obtained by means of various methods: numerical calculations (scattered) [12] ; the CPT; expansion in the strong coupling limit; the algebraic formulae (20) and (21) in the OM zeroth, second and third orders. The absolute values and relative errors of various calculation methods in dependence on the parameter λ are compared in figures 1 and 2 shows the relative error in dependence on the quantum number n. One can see that only the approximation for the functions E n (λ) obtained in terms of the OM satisfies definition (1) for the USE approximated energy levels of the QAO.
Operator representation for the partition function and the cumulant expansion
Let us consider the partition function of some quantum system
where E n is the energy level corresponding to a quantum number n and degeneracy g n .
To obtain the USE for this function one has to solve two problems: (1) to construct the USE for the energy spectrum of a considered system that is valid for any quantum numbers, and (2) to obtain an approximate estimation for summation on quantum numbers suitable in the whole range of temperature. It should be pointed out that for single-dimensional systems the latter problem is less important. It is sufficient to use expression (12) for the energy levels, obtained in terms of the OM, to derive the USE for thermodynamic values and to carry out direct numerical summation (see below) in (22) . However, for systems with many degrees of freedom such summation is a rather complicated numerical problem, therefore we shall discuss the possibility of constructing the USE for summation on quantum states.
First, let us show that the partition function can be identically represented in the operator form as an average over some state vector. For that purpose, one can use the basic set of the state vectors considered formally as the eigenfunctions of some excitation number operator
Then one can rewrite equation (22) as
Here |β * is the normalized 'trial' state vector that depends on an arbitrary parameter β * having the physical meaning of an effective inverse temperature for the equilibrium system of excitations considered in (23) . The actual value of β * will be defined later from the condition of the best approximation for the partition function of a real system. By definition, vector |β * is of the following form:
It is important that the state vector |β * should not be considered as some expression for the mixed state corresponding to Gibbs ensemble. Actually, equations (23)- (25) give the identical representation for the numerical (non-operator) value (22) in the form of quantum mechanical average using the auxiliary operatorn. It is also necessary to stress that the operational representation for the partition function, analogous to (24), can be obtained by choosing a more complicated trial vector instead of (25) . Such a vector should take into account specific features of the problem under consideration. In every particular case, such a choice may lead to a more accurate zeroth-order approximation, but a simple vector (25) used in this paper allows us to construct the universal scheme for calculating the USE that is valid for an arbitrary quantum system. Besides, this representation is formulated without using some specific form for the degeneracy factors g n . In the general case, the exact calculation of this factor in advance could prove to be a rather complicated problem. But when the OM is used for the approximate calculation of the energy levels E n the factor g n can be calculated with the same accuracy by means of approximate solution of equation (13) which defines the degeneracy of the state with the quantum number n [3] . Now, we can use the cumulant expansion (CE) for calculating the average value (24) . Recall that the CE is valid for an arbitrary exponential operator when averaging over the normalized state vector [11] 
where the cumulants K n are expressed in terms of the moments of the operatorÂ. This expansion as a whole is an accurate one but at the same time every cumulant corresponds to the partial summation of a usual power series. As follows from [11] , the first few terms in equation (26) are given by
The general procedure of the CE can be applied to the partition function in form (24) . Then successive approximations for the partition function will be calculated taking into account the corresponding cumulants. In this paper, we restrict ourselves to the first and second cumulants, which leads to the following approximation:
It is obvious that with any fixed number of cumulants in formula (28) the partition function Z(β, β * ) depends on the artificial value β * , which can be considered as a variational parameter, leading to the best approximation of the CE in some order. Particularly, the zerothorder approximation Z 0 (β, β * ) and the first correction Z 1 (β, β * ) are defined by formulae
Here, all values are averaged over the 'trial' distribution function corresponding to the ensemble of the excitations (23) with the degeneracy of states g n and the effective inverse temperature β * , as for examplē
Then the free energy calculated with the considered accuracy takes the following form:
To obtain the estimation for the partition function of the given energy spectrum, the variational parameter β * considered as the function of the real temperature β can be defined from the condition of the best approximation in the zeroth order of the CE. As follows from (16) , for this purpose one has to solve the equation
One can use the energy spectrum, obtained in terms of the OM to calculate the moments E, E 2 with the distribution function (30) . Then the totality of expressions (12), (16), (29) and (32) leads to the USE for the thermodynamic characteristics of a system with the accuracy to the terms of second order in approximation of the OM and the CE. In some cases, the additional approximation in these equations can also be applied. This approximation leads to the worst accuracy, but permits one to simplify significantly the evaluations. It is based on the following.
Recall that condition (16) corresponds to the optimal choice of the parameter ω n for the best approximation for the energy level with quantum number n in the zeroth order of the OM. But convergence of the successive approximations of the OM exists for all values of ω [3] . At the same time, the partition function and the free energy are integral characteristics in the space of quantum numbers of a system. Thus, it is possible to expect that in order to construct the USE for these values it is sufficient to choose the parameter ω as the same value for all quantum numbers, and to use it for defining the best approximation condition for the free energy in the zeroth order of the OM and the CE. This means that for the calculation of the moments of the energy spectrum one has to take into account only the explicit dependence of the approximate energy spectrum on the quantum number n and disregard a more complicated dependence related to the choice of ω n from condition (16) . Hence, the values
depend on both the parameter β * and the variational parameter ω, which should be taken from the minimum condition for the free energy. As a result, instead of a system of algebraic equations (29) for ω n it is necessary to solve only one equation for the parameter ω ∂ ∂ω
The physical meaning of this equation is that the variational parameter ω should be chosen from the condition of the best approximation of the energy level with maximum occupancy corresponding to a given temperature.
In this paper, we illustrate the efficiency of our method in obtaining the USE for some specific systems. For these systems, all the calculations can be performed analytically. In spite of the model pattern of the problems under consideration, they are rather widely used for investigations of thermodynamic properties of real molecular gases [14] , therefore, the set of analytical formulae considered below may be useful for nonperturbative analysis of anharmonic effects in such systems.
It should be pointed out that in the case of a harmonic oscillator (λ = 0) in (18) , rather simple calculations show that, unlike the CPT (5), formulae (33) , (34) lead to the exact expression for the partition function with any value of parameter µ.
As mentioned above, the proposed method of calculating the USE for the partition function actually includes two components: the approximate summation over the quantum states and the approximate calculation of the energy spectrum. In order to illustrate how the first one works, let us obtain the USE for the partition function and the free energy for the system of quantum rotators. Such a system is used for simulation of the contribution of rotational degrees of freedom to the thermodynamic characteristics of diatomic molecular gases [13] . We can consider this system as a model with known energy spectrum and degeneracy, therefore it can be considered as a test for approbation of the cumulant expansion for approximate summation over the states with known spectrum. Hence, we should calculate the following partition function [13] 
Here θ r =h 2 /2I is the rotational temperature of the system measured in energy units; I is the moment of inertia of the considered molecules. Let us introduce x as the dimensionless parameter, x = βθ r .
One can find analytically the asymptotic formulae for small and large temperatures which are connected with the limit cases x 1 and x 1 correspondingly
In the opposite limit case, we use two terms of the Euler formula of summation
which leads to
The presented expressions do not describe adequately the function Z r (x) in the range of intermediate values of the parameter x. Actually Z r (x) can be expressed through the Weierstrass function [24] , but it is rather complicated for analytical investigations. Let us show that the usage of the proposed method allows one to obtain the USE for this function in the entire range of x.
In such a case all average values in formula (30) can be directly expressed through moments of the 'trial' distribution function
Using the presented formulae in (29), we can obtain the following expression for the partition function in the zeroth order of the CE (the value 0 < q < 1 can be considered as a variational parameter instead of β * ),
This formula should be supplemented with an equation for calculating the function q = q(x), following from condition (32) for the best choice of the zeroth-order approximation
ϕ(q) = q 3 + 2q + 3q
The system of equations (40), (41) should be considered as a parametric assignment of the function Z (0) r (x), defining the zeroth-order approximation for the partition function. The first-order correction to the CE for the considered model spectrum is defined by the expression
Using equation (40) in the previous expression, one can find the following:
15 + 4q + 26q 2 + 4q 3 + 15q
The presented formulae define the USE for the partition function of the quantum rotator. In particular, they lead to the following results in the corresponding limit cases
r (x) 0.906
Comparing these results with corresponding asymptotic formulae (36), (37) , one can see that the constructed approximation describes correctly the functional dependence of the exact partition function in both limit cases. At the same time in compliance with the common definition (1) for the USE the accuracy of the estimation is defined by parameter ξ rather good accuracy of the zeroth-order approximation of the CE and its uniform validity for all values of the dimensionless parameter, defining the properties of the discussed system.
Thermodynamics of the quantum anharmonic oscillator
The problem considered in this section illustrates the possibilities of the discussed method in the case when the approximate calculations are used for obtaining the USE for both the eigenvalues and summation over the states. For that purpose, we use the equilibrium statistical system of quantum anharmonic oscillators (QAO). This problem has been discussed in numerous papers concerning nonperturbative approximate methods (e.g., [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] ), but the approximation satisfying definitions (1) and (2) has not been obtained yet. As mentioned above, the solution of this problem can be useful for applications in which one should take into account the anharmonicity of the molecular oscillations (for example, when considering either the thermodynamics of gases [14] or the anharmonic effects in calculations of phonon spectra in crystals [7] ). Let us consider the QAO with parameter µ = 0. This can be done without loss of generality, since the parameter µ can always be excluded from the Hamiltonian by the scaling transformation of the coordinate. We thus consider
The USE for this system is defined by formulae (20) and (21). When obtaining the USE for the partition function and the free energy it is interesting to compare the results, which can be obtained by means of approximate calculations in two different ways: (1) direct numerical summation over the QAO states taking into account the OM energy levels and (2) evaluation of the USE in analytical form by means of the approximate summation over the states based on formulae (33) , (34) . To estimate the accuracy of our results we will use direct numerical calculation of the partition function (22) Z num A for the QAO (g n = 1) taking into account eight energy levels of the QAO, obtained numerically in [12] . It is essential to stress that in real calculations with any fixed number of the QAO levels in the summation over the states, the numerical calculations lose their accuracy in the limit case of the high temperature (β → 0), when the whole energy spectrum becomes essential (see left panel of figure 4 ). In these cases one can use for comparison the asymptotic expressions for the partition function which can be obtained analytically:
Here b n are known numerical coefficients of the asymptotic expansion for the QAO energy levels in the strong coupling limit [12] . The analytical approximate expression for them in the OM zeroth order was obtained in [3] , with various approximate expressions for it, which are defined as follows,
where the energy is calculated in different orders of the OM by formulae (20), (21) . We also compare our approximations with the results of the canonical thermodynamic perturbation theory [13] and the direct summation over the exact eigenvalues for the first eight levels of QAO calculated numerically in [12] .
The presented results show that the zeroth-order approximation F
A satisfies condition (1) and defines the USE for the pointed values with a relative error ξ (0) 0.1. If one takes into account the subsequent iteration of the OM, the accuracy of the estimation improves. At the same time, it is necessary to stress that the expansion of the exponent in a rather small value E n used in expression Z (01) A (β, λ) breaks the USE conditions in the low temperature limit (β → ∞). This means that the improvement in the accuracy of the zeroth-order approximation for the free energy in the subsequent iterations of the considered method has in general nonadditive character, unlike the thermodynamic CPT [13] .
Let us consider now the approximate expression for the partition function obtained in terms of the zeroth-order approximation of both the OM and the CE due to formulae (32)-(34)
Variational parameters q and ω are defined from the minimum conditions for function ϕ, which lead to the following equations:
It is convenient not to solve numerically equations (51), but to consider λ(q, ω) and β(q, ω) as functions of variables q and ω. Together with definition (50) these functions assign in parametric form the functions Z n (ω n ). In the latter case the parameter ω n should be defined for each level separately. The former approach based on equations (33) , (34) is much easier because the parameter ω is calculated only once for each temperature. It is especially important for systems with many degrees of freedom.
To obtain the next approximation for the partition function Z
A (β, λ) and the free energy
A (β, λ) it is necessary to take into account both the correction E n for the energy levels obtained in terms of the OM, and the second cumulant in formula (29) for the approximate summation over the states. It is essential that in calculation of these corrections the same variational parameters q and ω are used, which were found in the zeroth order. Figure 6 demonstrates the influence of these corrections on the accuracy of the USE.
It is also of interest to consider the average values of observable physical characteristics of the system (e.g., energy) in dependence on the Hamiltonian parameters and temperature. For this purpose, we use the numerical energy levels [12] , the energy levels obtained in terms of the CPT and the OM in zeroth order. We consider also the expression for the average value of energy based on the cumulant expansion. Thus we obtain the following expressions for the average energy: The results of these calculations are presented in figure 7 which shows that our approach leads to the uniformly suitable estimation also for the average physical values unlike the canonical perturbation theory. As was mentioned above, the noticeable deviation of the OM results from the numerical ones in the range of small β is explained by the fact that we could use only eight eigenvalues found in [12] for calculation of E (num) . It is also important to stress again that the value E (0) calculated with the OM eigenvalues depending on the set of the parameters ω n is rather close to the value E (CE) depending only on the parameter ω from equation (34) .
Conclusions
In this paper, we have developed a nonperturbative method for calculation of the thermodynamic values of a quantum system. This has been achieved by combining the operator method of approximate solution of the Schrödinger equation and the cumulant expansion for the summation over the quantum states. The method has been approved for the Boltzmann diatomic molecular gas in order to calculate the partition function and the free energy defined by the molecular internal degrees of freedom. We have used some realistic models for the molecular movement (a quantum rotator and a quantum anharmonic oscillator) and found the uniformly suitable estimation for the thermodynamic values. This estimation tends asymptotically to the exact expansions in limit cases of both temperature and the Hamiltonian parameters. Besides, the zeroth-order approximation of the proposed method is in close agreement with the exact results (with the relative error no more than 0.1) in the whole range of both temperature and the Hamiltonian parameters. A systematic procedure for calculation of the subsequent corrections has been formulated and the secondorder corrections have been found to improve the accuracy of the estimation. It has also been shown that application of the cumulant expansion for the summation over the system states permits one to calculate directly the thermodynamic values without preliminary high precision estimation of the whole set of the Hamiltonian eigenvalues. It is especially important for application of the proposed algorithm for systems with many degrees of freedom.
Certainly, the strict proof of convergence of the formulated method is of special interest. Unfortunately, it seems to be a very complicated mathematical problem in the general case. But approbation of the method for a series of model systems in this paper can be considered as a qualitative argument for possibility of applying this approach to real physical problems which we suppose to analyse in the forthcoming papers.
